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Finite Linear Spaces with a Regularity Condition on the 
Transversals of Two Secant Lines 
ANNE DELANDTSHEER 
Projective and affine planes are, besides the degenerate projective planes, the only known 
examples of finite linear spaces for which there is a non-negative integer t such that for any two 
intersecting lines L, L' of Sand any point p outside LuL', there are exactly t transversals of 
L and L' passing through p. We prove that all finite linear spaces satisfying the above condition 
are either degenerate projective planes or Steiner systems S(2, k, v) in which t and k must satisfy 
some rather restrictive arithmetic conditions. 
1. INTRODUCTION 
A linear space S is a non-empty set of elements called points, together with a family 
of distinguished subsets called lines such that any two distinct points are contained in 
exactly one line, each line containing at least two points. A linear subspace of S is a 
subset S' such that any line of S having at least two points in S' is contained in S'. A 
planar space is a linear space provided with a family of distinguished linear subspaces 
called planes, such that every triple of non-collinear points is in exactly one plane, each 
plane containing at least three non-collinear points. A Hall triple system is a planar space 
in which all planes are affine planes of order 3. In this paper, all linear spaces will be 
finite, i.e. will have a finite number of points. The size of a line L is its number of points, 
and the degree of a point p is the number of lines containing p. 
Given two lines L and L', any line (distinct from L and L') intersecting L uL' in two 
distinct points will be called a transversal of L and L'. 
In a finite projective (resp. affine) plane of order n, for any two intersecting lines L 
and L', any point p outside L uL' is on exactly n (resp. n -2) transversals of Land L'. 
Actually, finite projective and affine planes are, besides the degenerate projective planes, 
the only known linear spaces satisfying the following condition: 
(*) There is a non-negative integer t such that for any two intersecting lines L, L' of S 
and any point p outside L uL', there are exactly t transversals of Land L' passing 
through p. 
It is natural to ask whether there are other finite linear spaces satisfying condition (*). 
If not, this would give a common characterization of finite projective and affine planes. 
We shall prove that if a finite linear space S satisfies condition (*), then S is either a 
degenerate projective plane (that is a finite linear space consisting of one line L and one 
point p ~ L, all lines through p having size 2) or a Steiner system S (2, k, v) in which t 
and k must satisfy some rather restrictive arithmetic conditions (for instance, besides 
the case t = k - 1 and t = k - 2 corresponding respectively to projective and affine planes, 
there are only six pairs (t, k) with k ~ 100 satisfying these conditions). 
A similar problem, where "intersecting lines" is replaced by "disjoint lines" in condition 
(*) has been completely solved in [1]. In particular, the finite (possibly degenerate) 
projective and affine planes are the only finite linear spaces satisfying both conditions, 
i.e. for which there exist two integers s and t with t > 0, such that for any pair of distinct 
lines L, L' and any point p outside L uL', there are exactly tors transversals of Land 
L' through p, according to whether or not Land L' intersect. 
119 
0195-6698/82/020119 + 06 $02.00/0 © 1982 Academic Press Inc. (London) Limited 
120 A. Delandtsheer 
Note that the results developed in this paper are answers to an open problem mentioned 
by Cameron in [3, p. 54]. 
We would like to thank A. Brouwer and D. R. Hughes for some useful suggestions 
about Section 2.3. 
2. CONDITION(*) 
THEOREM 1. If S is a finite linear space satisfying condition (*) and having at least 
two lines, then 
(i) Sis a degenerate projective plane (and t = 1), or 
(ii) S is a Steiner system S (2, k, v) with k ;a. t + 1, such that 
(1) tl(k -1)(k- 2), 
(2) kl[(k -1)(k -2)/t + 2][(k -1)(k -2)/t + 1], 
(3) t(2k- 2- t)lk (k -1)2(k- 2), 
(4) if (k -1)(k -2)/t is odd, then k -1-t is a square, 
if (k -1)(k -2)/t is even, then the Diophantine equation 
(k _ 1 _ t)x2 + ( _1)rk-l)(k-2)/2rty2 = z2 
has a solution in integers x, y, z not all zero. 
Moreover, t = k - 1 iff S is a projective plane of order k - 1, 
t = k - 2 iff S is an affine plane of order k, 
t = 0 iff Sis an S(2, 2, v ). 
PROOF. The proof of (3) (resp. (4)) is based on the construction of certain partial 
geometries (resp. symmetric 2-designs) associated with S, whence all other statements 
follow directly from the linear structure of S. Thus we shall divide the proof into three 
parts: 
2.1. The linear spaceS. First of all, note that if t = 0, any transversal of two intersecting 
lines has size 2, and so all lines of S have size 2. Therefore, from now on, we shall 
suppose t ;a. 1. 
It is easy to check that if S is the union of two intersecting lines, then condition (*) 
is satisfied iff S is a degenerate projective plane. Hence we may assume, in what follows, 
that any point of S is on at least three lines. 
Let L and L' be two lines intersecting in x. Consider a third line L" passing through 
x. Counting in two different ways the number of lines of S intersecting each of the lines 
L, L', L" but not containing x, we get 
(ILI-1)t = (IL'I-1)t, 
that is ILl= ~L'l. Therefore any two intersecting lines have the same size, and so all lines 
of S have· the same size, which we denote by k. Counting in two different ways the 
number of pairs (p, L1) where peL u L' and L 1 is a transversal of L and L' passing 
through p,.we get 
(v- 2k + 1)t = (k -1)2(k- 2). 
If r denotes the degree of a point of S, we have 
" v- k = (r -1)(k -1). 
(5) and (6) yield 
(r- 2)t = (k -1)(k- 2), 
(5) 
(6) 
(7) 
which implies tl(k -1)(k -2) (1). On the other hand, the number of lines of S is vr/k, 
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which must be an integer. Thanks to (6), we deduce that 
klr(r-1) 
which, using (7) gives 
kl[(k -1)(k -2)/t + 2][(k -1)(k -2)/t + 1] (2). 
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For t = k- 2 (resp. k -1), (5) yields v = e (resp. e- k + 1) and so S is an affine (resp. 
projective) plane. This ends the first part of the proof. 
Note that (2) implies 
k l2(t + 1)(t + 2). (9) 
Using (1) and (9), it is straightforward to show that if k ¥-2 is a prime power, then 
(t, k) = (2, 8), (6, 16) or (2n-1 -1, 2n) with n > 1. The first two pairs do not satisfy (2), 
while the other pairs are in contradiction with (3). Since k = 2 implies t = 0, this proves 
that the only finite linear spaces S (2, k, v) with k a prime power that satisfy condition 
(*)are projective and affine planes. 
Thanks to (1), (2) and (3) it is easily shown that k ¥- 2(t + 1)(t + 2) and that k = 
(t + 1)(t + 2) is admissible only fort= 2. So (9) implies that k,;;; 2(t + 1)(t + 2)/3 for t > 2 
and we conclude that Jk < t for any t > 3. 
2.2. Partial geometries and association schemes. Given a line L of S, the point set 
S - L, provided with the restrictions to S - L of the lines of S intersecting L, forms a 
partial geometry with parameters (R, K, T) = (k, k -1, t) having V = v- k = 
(k -1)2(k -2)/t+k -1 points and B = k(k -1)(k -2)/t+k lines. The point graph (resp. 
line graph) of a partial geometry is defined by calling two points (resp. two lines) adjacent 
iff they are collinear (resp. concurrent). The line graph is also the point graph of the 
dual partial geometry. Thus four strongly regular graphs are associated with every partial 
geometry, namely the point graph Gp, the line graph GLand their complements Gp and 
GL. 
In our problem, the parameters of Gp are 
Vp= V=(k-1)2(k-2)/t+k-1, 
Ap = (k -1)(t-1)+k -3, 
kp= k(k -2), 
ILP = kt. 
Besides the trivial eigenvalue kp, the other eigenvalues of Gp are 
rp = k -t-2 with multiplicity fp = (k -2)(k -1)2k/t(2k -2-t) 
and 
Sp=-k 
For the line graph GL, 
with multiplicity gp = Vp -1- fp. 
VL = k(k -1)(k -2)/t+k, kL=(k-1)2 , 
ILL= (k -1)t, 
[L=fp, 
AL = (k -2)t, 
SL= -(k -1), k(k -1)(k -2)(k -1-t) gL=VL-1-[L=k-1+ t(2k-2-t) • 
Multiplicities of eigenvalues being integers, we get 
t(2k-2-t)l(k-2)(k-1)2k (3). 
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The other known necessary conditions for the existence of a strongly regular graph, 
namely the Krein condition, the absolute bound, the ~L-bound and the claw-bound [6], 
are tedious but easy to check: they give nothing more than the previous conditions. 
The line graph GL may also be viewed as a 2-class association scheme I-2 if we say 
that two lines are first associates when they are distinct and adjacent (i.e. when the 
corresponding lines of S form a triangle with L) and second associates otherwise. Actually 
we can define a 3-class association scheme I-3 by subdividing the second class of I-2. The 
vertices of I-3 are the lines of S intersecting L, two vertices are first associates if the 
corresponding lines intersect in a point outside L, second associates if the corresponding 
lines intersect in a point of L and third associates if the corresponding lines are disjoint. 
Indeed, the number n; of ith associates of a vertex x is independent of x, and for any 
two ith associates x and y, the number p;k of vertices which are jth associates of x and 
kth associates of y does not depend on the pair x, y. 
Consider the vL x VL association matrices Ai = (a~y) with entries a~y = 1 if the vertices 
x andy are jth associates and a~Y = 0 otherwise. We denote by Aik the (not necessarily 
distinct) eigenvalues of Ai and by ILk the multiplicity of Aik (it can be shown that ILk does 
not depend on j). The parameters of I.3 are 
n1=(k-1)2, n2 = (k -1)(k -2)/t, n3 = (k -1)(k -2)(k -1-t)/t, 
P~1 =(k-2)t, P~2 = k -2, 1 Pl3 = 0, 
1 P22 =0, P~3 =(k-2)(k-1-t)/t, P~3 = (k -2)(k -1-t) 
X (k -2-t)/t, 
Pi1 = (k -1)t, 2 P12 =0, Pi3 =(k-1)(k-1-t), 
P~2 = (k -1)(k -2)/t -1, P~3 =0, Pi3 =(k-1)(k-2-t)/t, 
P~1 = (k -1)t, P~2 =k -1, P~3 = (k -1)(k -2-t), 
P~2 =0, P~3 = (k -1)(k -2-t)/t, P~3 = (k -1)[(k -1- t) 
X (k -3 -t)+t+ 1]/t-1, 
A11 = k -1-t, A12 = -(k -1), A13 = -(k -1), 
A21 = -1, A22 = -1, A23 = (k -1)(k -2)/t, 
A31 = -(k -1-t), A32 = k -1, A33 = -(k -2)(k -1-t)/t, 
IL1 = (k -2)(k -1)2k/t(2k -2-t), IL2 = k(k -1)(k -2)(k -1-t)/t(2k -2-t), IL3 = k -1. 
Condition (3) and 1 + 1L1 + ~L 2 + ~L 3 = VL imply that all multiplicities are integers. Moreover, 
it is not difficult to check that the Krein condition as well as a further condition given 
by Math on [5] are satisfied for all pairs (t, k) satisfying (1), (2) and (3) with t.;;;; k- 3. 
2.3. Symmetric 2-designs. If t o;;k -2, a non-trivial symmetric 2-design D(p, q) can 
be associated with any pair (p, q) of distinct points of S as follows: the points of D(p, q) 
are the lines through p distinct from the line (p, q), the blocks of D(p, q) are the lines 
through q distinct from (p, q), a point and a block being incident iff the corresponding 
lines intersect. Each point of D (p, q) is on k - 1 blocks and each block contains k - 1 
points, any two points are on t blocks and any two blocks have t points in common. 
Thus D(p, q) is an St(2, k-1, (k -1)(k -2)/t + 1). The Bruck-Chowla-Ryser theorem 
gives a necessary condition for such a design, namely: 
if (k -1)(k- 2)/ t is odd, then k -1- t is a square; 
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if (k -1)(k- 2)/t is even, then the Diophantine equation 
has a solution in integers x, y, z not all zero (4). This ends the proof of Theorem 1. 
Unfortunately, there remain infinitely many pairs of parameters (t, k) with t,;;; k- 3 
satisfying conditions (1)-(4). Indeed, it is easy to check that the pairs (t, k) with t = 
9" (n ;;.1) and k = (t + 1)(t + 2)/2 satisfy the first three conditions. Moreover, using well 
known properties of the Hilbert norm-residue symbol [4, p. 114-115], and noting that, 
for any prime divisor p of (9" + 1)/2, -1 = 32 " (mod p ), we conclude that the Diophantine 
equation 
has a solution in integers x, y, z not all zero and therefore condition (4) is satisfied. 
For k,;;; 100 there are only six pairs (t, k) with t,;;; k- 3 satisfying conditions (1)-(4), 
namely (2, 12), (24, 65), (20, 66), (3, 10), (7, 36) and (9, 55) (for the last three, k = 
(t+1)(t+2)/2). The existence of a symmetric 2-design St(2,k-1, (k-1)(k-2)/t+1) 
is known for only two of these pairs, namely (2, 12) and (3, 10). 
Note that if S satisfies one further hypothesis, the symmetric 2-designs D(p, q) are 
extendable and a theorem of Cameron rules out all pairs (t, k) with t,;;; k - 3, except one. 
Given a point p and a line L not thrc:tgh p, let !E(p, L) denote the set of lines passing 
through p and intersecting L and let S (p, L) denote the set of points distinct from p and 
belonging to a line of !E(p, L). Note that if t < k -1, two lines L, L' such that !E(p, L) = 
!E(p, L') are necessarily disjoint. 
PROPOSITION. Let S be a finite linear space satisfying condition ( *) with 1 ,;;; t ,;;; k - 3. 
If there is a point pES such that for any line L not through p, any point of S(p, L) is on 
a line L' such that !E(p, L) = !E(p, L'), then t = 2 and k = 12. 
PROOF. Consider the design D(p) whose points are the lines through p, whose blocks 
are the distinct sets !E(p, L), incidence of points and blocks being membership. Thus 
any block has exactly k points and the total number of points is r = (k -1)(k- 2)/t + 2. 
By hypothesis, given a line L not through p, any point of S(p, L) is on one and only one 
line L' such that !E(p, L) = !E(p, L') (only one because we have seen before that such 
lines are necessarily disjoint). It follows that any three points of D(p) are in exactly t 
blocks and that the total number of blocks is r(r -1)/ k. Therefore, D(p) is a symmetric 
3-design St(3, k, (k -1)(k- 2)/t + 2). Note that for any point q distinct from p, the 
2-design D (p, q) is isomorphic to the derived design of D (p) relative to (p, q ). Theorem 
1 and a theorem of Cameron [2] listing the admissible parameters of symmetric 3-designs 
imply immediately that t = 2 and k = 12. The pair (t, k) = (2, 12) corresponds to a 
hypothetical linear space S(2, 12, 628) the existence of which is unsettled. 
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